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ABSTRACT: We study the high-pressure�high-temperature phase diagram and superi-
onicity of alkaline earth metal (AEM) di�uorides (AF2, A = Ca, Sr, Ba) with �rst-principles
simulation methods. We �nd that the superionic behavior of SrF2 and BaF2 at high pressures
di�er appreciably from that previously reported for CaF2 [Phys. Rev. Lett. 2014, 113, 235902].
Speci�cally, the critical superionic temperature of SrF2 and BaF2 in the low-pressure cubic
�uorite phase is not reduced by e�ect of compression, and the corresponding high-pressure
orthorhombic contunnite phases become superionic at elevated temperatures. We get
valuable microscopic insights into the superionic features of AEM di�uorides in both the
cubic �uorite and orthorhombic contunnite phases by means of ab initio molecular dynamics
simulations. We rationalize our �ndings on the structural and superionic behavior of AF2
compounds in terms of simple ionic radii arguments and generalize them across the whole
series of AEM dihalides (AB2, A = Mg, Ca, Sr, Ba and B = F, Cl, Br, I) under pressure.

I. INTRODUCTION
Fast-ion conductors (FIC) are materials that exhibit high ionic
conductivity in the solid phase.1 Examples of archetypal FIC,
also known as superionic conductors, include alkali-earth
metal �uorides (CaF2), oxides (doped CeO2), and lithium-
rich compounds (Li10GeP2S12).

1�3 Inherent to superionicity
is a signi�cant increase in the concentration of point defects
(e.g., Frenkel pair defects) associated with a particular sublattice
of atoms in the crystal. Due to their unique ion-transport prop-
erties, FIC are promising materials for the realization of
all-solid-state electrochemical batteries via replacement of
customary liquid electrolytes, which involves substantial improve-
ments with respect to standard batteries in terms of safety,
cyclability, and electrochemical performance.4,5 Owing to the
large entropy change (typically of the order of 100 J K�11) and
external tunability associated with the superionic phase trans-
ition,6 FIC also are being established as auspicious caloric materials
for exploitation in solid-state cooling applications.7�10

Recently, some of us studied the P�T phase diagram of CaF2
(see Figure 1) and showed that this archetypal FIC presents
some anomalous superionic behavior at high pressures.11

At ambient conditions, CaF2 crystallizes in the cubic �uorite
phase (�, space group Fm3�m) in which the Ca2+ ions are
cubic coordinated to F� ions (see Figure 2a). A sudden and
large increase in the mobility of the �uorine ions is observed
in �-CaF2 at Ts � 1400 K,12�16 which is about 300 K below

the corresponding melting temperature. Upon a compression
of �10 GPa and at low temperatures, �-CaF2 transforms
into an orthorhombic cotunnite phase (�, space group Pnma,
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Figure 1. High-P�high-T phase diagram of CaF2 obtained with �rst-
principles methods (adapted from ref 11). Dots and error bars
correspond to experimental measurements also from ref 11. Letters �,
�, �, �, and � represent di�erent phases (see text).
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see Figure 2b). Our previous experiments and �rst-principles
simulations disclosed an unusual P-induced superionic e�ect in
�-CaF2 that consists in a moderate lowering of Ts within the
interval 5 � P � 8 GPa (see Figure 1). We also found that
superionicity is absent in �-CaF2 but reappears in a low-
symmetry high-T phase, labeled as � in Figure 1, which is
stabilized over � via a T-induced second-order phase transition.11

We tentatively indexed that � phase, which at high enough
temperatures becomes superionic (phase � in Figure 1), as
monoclinic (space group P21/c, see Figure 3a).

It is of great technological and fundamental interests to
ascertain whether similar anomalous P-induced superionic
phenomena than reported for CaF2 can occur also in other
compounds of the alkaline earth metal (AEM) dihalides series,

AB2 (A = Mg, Ca, Sr, Ba and B = F, Cl, Br, I). For instance, as
we have shown in other works,6�10 the superionic trends
induced by mechanical stress on conventional FIC may moti-
vate new developments in the �eld of energy materials. Also,
some AEM dihalides occur naturally as minerals (e.g., MgF2
known as sellaite); hence, their high-pressure behavior is of
interest in geophysics. Further, it remains to be determined
what is the exact nature of the nonsuperionic � phase in CaF2,
and whether this phase appears or not in the high-P phase
diagram of other similar ionic compounds. Actually, in a recent
paper by Nelson et al. it has been proposed, based on the out-
comes of �rst-principles random structure searching and quasi-
harmonic calculations, that the crystalline symmetry of the � phase
could be hexagonal (space group P62m, see Figure 3b).17

In this work, we present a comprehensive �rst-principles
study on the high-P�high-T phase diagrams and superionic
properties of SrF2 and BaF2. We also analyze the ionic-transport
properties of CaF2 in the hexagonal P62m structure recently
proposed by Nelson et al. for the � phase. Our ab initio
molecular dynamics (AIMD) simulations based on density
functional theory, which fully take into account anharmonicity,
show that (i) the superionic transition temperatures of �-SrF2
and �-BaF2 never get depleted by e�ect of pressure, (ii) the �
phase does not appear in the high-P�high-T phase diagrams of
SrF2 and BaF2, and (iii) CaF2 in the hexagonal P62m phase
becomes vibrationally unstable at high temperatures and does
not sustain superionicity (which is inconsistent with the phase
diagram proposed in ref 11, see Figure 1). We discuss several
fast-ion conduction mechanisms occurring in AEM di�uorides
at low and high pressures, based on the spatial arrangements of
�uorine ions obtained in our AIMD simulations of the super-
ionic phases � and �. Finally, in view of our results obtained for
AEM di�uorides and of additional �rst-principles calculations,
we propose a generalized phase diagram for AEM dihalides
(AB2, A = Mg, Ca, Sr, Ba and B = F, Cl, Br, I) under pressure
expressed as a function of a simple and physically intuitive
parameter, the ionic radii ratio rA/rB.

This article is organized as follows. In the next section, we
explain the details of our �rst-principles calculations and the
strategy followed in the derivation of the high-P�high-T phase
diagrams of SrF2 and BaF2. Then, we report our results in
section III and present a discussion on the structural trends
of AEM dihalides under pressure in section IV. Finally, we
summarize our main �ndings in section V.

II. COMPUTATIONAL METHODS
II.A. Density Functional Theory. Our �rst-principles

density functional theory (DFT) calculations were performed
with the PBE generalized gradient approximation to the
exchange-correlation energy18 as is implemented in the VASP
code.19 We used the PAW method20 to represent the ionic
cores and considered AEM’s 6p-2s, and F’s 2s-5p electronic
states as valence. Wave functions were represented in a plane-
wave basis truncated at 650 eV. By using these parameters and
dense k-point grids for integrations within the �rst Brillouin
zone (i.e., of 14 × 14 × 14 for the � and � phases and of
8 × 8 × 10 for the hexagonal P62m phase), we obtained zero-
temperature enthalpies converged to within 1 meV per formula
unit. In the geometry relaxations, we imposed a force tolerance
of 0.01 eV·Å�1. Details of our vibrational phonon calculations
and one-phase and coexistent ab initio molecular dynamics
(AIMD) simulations are explained next.

Figure 2. Sketch of the low-T phases of alkali-earth metal di�uorides
observed at low and high pressures (cubic and orthorhombic,
respectively).

Figure 3. Sketch of the two candidate structures proposed for the �
phase appearing in the phase diagram of CaF2 at high-P�high-T
conditions. The monoclinic P21/c phase has been proposed by Cazorla
and Errandonea11 and the hexagonal P62m phase by Nelson et al.17
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II.A.1. Vibrational Phonon Calculations. Vibrational
phonon frequencies were calculated with the direct ap-
proach.21,22 In this method the force-constant matrix is directly
calculated in real-space by considering the proportionality
between the atomic displacements and forces when the former
are su�ciently small. Large supercells then should be con-
structed in order to guarantee that the elements of the force-
constant matrix have all fallen o� to negligible values at their
boundaries (a condition that follows from the use of periodic
boundary conditions). Here, we employed simulation boxes of
192 atoms for the � and � phases and of 243 atoms for the
hexagonal P62m phase. Dense k-point grids were used for the
calculation of the atomic forces with VASP (i.e., of 4 × 4 × 4
for the � and � phases and of 3 × 3 × 4 for the hexagonal P62m
phase), and the computation of the corresponding pseudopo-
tential nonlocal parts was performed in reciprocal space. We
used the PHON code from Alfe�23 to obtain the vibrational
phonon frequencies of the crystal phases at any arbitrary q
point and s branch, �qs. In doing this we exploited the trans-
lational invariance of the system to impose that the three
acoustic branches are exactly zero at the � point, and used
central di�erences in the atomic forces (that is, we considered
both positive and negative atomic displacements). For a given
phase, the corresponding Helmholtz free energy associated with
the lattice vibrations, Fharm, then can be estimated within the
quasi-harmonic approximation (QHA) by using the formula:24
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where Nq is the total number of wave vectors used for
integration in the Brillouin zone, and the dependence of the
vibrational phonon frequencies on the volume is explicitly
noted.

II.A.2. Ab Initio Molecular Dynamics. We performed ab
initio molecular dynamics (AIMD) simulations of two types:
one-phase (involving solid or superionic phases) and coexis-
tence (involving liquid and superionic phases coexisting in
thermodynamic equilibrium). One-phase simulations were
performed in the canonical (N, V, T) ensemble, while the
coexistence simulations were done in the microcanonical (N, V,
E) ensemble. In the (N, V, T) simulations, the temperature was
kept �uctuating around a set-point value by using Nose ��
Hoover thermostats. Large simulation boxes containing 192
(or 243) and 648 atoms were used in the one-phase and
coexistence simulations, respectively. Periodic boundary con-
ditions were applied along the three Cartesian directions in
all the calculations. Newton’s equations of motion were inte-
grated by using the customary Verlet’s algorithm and setting a
time-step length of 10�3 ps. �-point sampling for integration
within the �rst Brillouin zone was employed in all our AIMD
simulations.

Comprehensive one-phase (N, V, T) molecular dynamics
simulations were carried out in order to estimate the normal-
superionic phase boundaries of AEM di�uorides as a function
of pressure. The calculations comprised long simulation times
of up to �30 ps. We systematically ran the simulations at
temperature intervals of 250 K by considering several volume
points. Stabilization of the superionic state was ascribed to the
thermodynamic conditions at which the di�usion coe�cient of
the �uorine ions, D, started to depart signi�cantly from zero
(see, for instance, refs 11 and 25 for some explicit examples).

Speci�cally, the di�usion coe�cient of each ionic species was
determined as
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where ri(t) is the position of the migrating ion labeled as i at
time t, t0 an arbitrary time origin, and �···� denotes average over
time origins t0 and particles of the same species. Meanwhile, the
mean squared displacement (MSD) is equal to ��ri

2(t)� �
�|ri(t + t0) � ri(t0)|2�. We should note that our superionic
transition temperature results, in principle, could be a�ected by
some superheating bias.26 However, due to the second-order
nature of the superionic phase transition in AEM di�uorides,1
those errors are likely to be very small in practice. In fact, we
performed several molecular dynamics tests in CaF2 under
pressure by using the rigid-ion empirical potential and tech-
niques reported in ref 6 and concluded that the typical size of
the accompanying normal�superionic hysteresis is well below
100 K (which corresponds to our numerical accuracy in the
determination of superionic transition temperatures).

To ascertain that the crystal remained vibrationally stable
(that is, the thermal average position of each ion remains
centered on its perfect-lattice site), we computed the position
correlation function de�ned as11,27

= � + � • � �p t t t tr R r R( ) ( ( ) ) ( ( ) )i i i i0
0

0
0 (3)

where Ri
0 corresponds to the perfect-lattice position of the ith

atom and, again, �···� denotes average over time origins t0 and
ions of the same species. The crystal is vibrationally stable if
p(t � �) = 0 since the displacements at widely separated times
become uncorrelated. On the contrary, if the atoms acquire
a permanent vibrational displacement, p(t � �) becomes
nonzero.

Following previous works,27�32 we performed comprehen-
sive (N, V, E) coexistence simulations in order to determine the
melting curve of AEM di�uorides as a function of pressure.33

A supercell containing the perfect crystal structure (that is,
either the �uorite or contunnite phase) was �rst thermalized at
a temperature slightly below the expected melting temperature
for about 4 ps. The system remained in a superionic state.
The simulation then was halted, and the positions of the atoms
in one-half of the supercell were held �xed, while the other half
was heated up to a very high temperature (typically �ve times
the expected melting temperature) for about 4 ps, so that it
melted completely. With the �xed atoms still �xed, the molten
part was rethermalized to the expected melting temperature
(for about 2 ps). Finally, the �xed atoms were released, thermal
velocities were assigned, and the whole system was allowed to
evolve freely at constant (N, V, E) for a long time (normally
more than 20 ps), so that the solid and liquid come into
equilibrium (likewise, this �nal step can be performed in the
(N, P, H) ensemble so as to choose the hydrostatic pressure
conditions34,35). The system was monitored by calculating
the average number of particles in slices of the cell taken
parallel to the initial solid�liquid interface. With this protocol,
there is a certain amount of trial and error to �nd the overall
volume that yields a two-phase coexisting system. Examples
of successful coexistence runs can be found, for instance, in
refs 11, 27, and 28.

II.B. Derivation of the Phase Diagrams. The high-P�
high-T phase diagram of CaF2 shown in Figure 1 has been
adapted from ref 11; full details on how this was derived can
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be found in the corresponding reference. As regards SrF2 and
BaF2, the corresponding high-P�high-T phase diagrams
reported in Figures 7 and 8 were obtained as follows.

First, the zero-temperature � � � transition pressure, P���(0),
was determined through standard DFT enthalpy (H) calcu-
lations. Subsequently, we estimated the normal to superionic
phase boundaries corresponding to the � and � phases over
wide P�T intervals by using one-phase AIMD simulations
(see section II.A.2). A total of 6 ��� and 6 ��� coexistence
points were determined in each compound, to which spline
curves were �tted. The melting lines of the two resulting
superionic phases, � and �, were then determined by means
of coexistence AIMD simulations (see section II.A.2). A total
of three �-liquid and three �-liquid coexistence points were
determined in each compound, to which spline curves were
�tted. The point at which the �-liquid and �-liquid lines inter-
sect corresponds to a three-fold coexistence state in which
the Gibbs free-energy of the liquid, �, and � phases are equal.
Such a thermodynamic state, therefore, belongs also to the
coexistence line of the � and � phases. In order to draw the
entire ��� phase boundary, we made two simpli�cations,
namely, (1) we assumed that the corresponding dT/dP slope
was constant, and (2) rather than performing AIMD simula-
tions, we �tted semiempirical potentials of the Born�Mayer�
Huggins form (BMH, see Appendix) to relevant sets of DFT
data and calculated with them the value of the ��� phase
boundary slope at the corresponding three-fold coexistence
points; for this, we used classical molecular dynamics simulations
and the Clausius�Clapeyron relation (see ref 25). By drawing
the full ��� coexistence line, we found the intersection point
with the ��� phase boundary previously calculated with AIMD
simulations. This provided us with a second (approximate)
three-fold coexistence state involving the �, �, and � phases. In
order to estimate the entire ��� coexistence line, we applied
again the two approximations used in the derivation of the ���
phase boundary. By drawing the full ��� phase boundary,
we found a third (approximate) three-fold point involving
coexistence of the �, �, and � phases. Finally, we connected the
latter three-fold coexistence state with the initial zero-temperature
P���(0) point via a straight line (we note that this approxi-
mation is de�nitely unrealistic in the T � 0 limit as the value
of the dT/dP slope diverges at such conditions).

III. RESULTS
III.A. Phase Diagrams. Here, we discuss several aspects

related to the identi�cation of the � phase in CaF2 (see Figure 1)
and report the high-T�high-P phase diagrams of SrF2 and BaF2
as obtained with �rst-principles calculations (see Figures 7
and 8). Comparison to experiments are provided whenever
measurements are available.

III.A.1. Calcium Di�uoride. Nelson et al.17 have recently
proposed that the symmetry of �-CaF2 could be hexagonal
(space group P62m, see Figure 3b), based on the results of �rst-
principles random structure searching and quasi-harmonic calcu-
lations. Previously, some of us tentatively indexed the same
structure as monoclinic P21/c (Figure 3a).11 Therefore, it seems
interesting to further compare and analyze the superionic and
thermodynamic stability properties of both candidate phases at
high-P�high-T conditions.

Our zero-temperature enthalpy and quasi-harmonic Helm-
holtz free energy calculations are consistent with Nelson et al.’s
results on the relative thermodynamic stability of the candi-
date hexagonal P62m phase as compared to the orthorhombic

(contunnite) Pnma phase. In particular, we estimate a small
enthalpy energy di�erence of about 50 meV/f.u., favoring the
contunnite phase, within the pressure interval 15 � P � 55 GPa
at zero temperature. Also, the vibrational lattice properties
of the hexagonal P62m phase (see Figure 4b) translate into

favorable Helmholtz free energies (eq 1) that could possibly
render a T-induced stabilization over the orthorhombic Pnma
phase at high pressures (see Figure 5). Meanwhile, our vibra-
tional phonon calculations in the monoclinic P21/c phase clearly
show that this structure is vibrationally stable (see Figure 4a) and
di�erent from the orthorhombic Pnma phase (see Figure 5).
We must acknowledge, however, that the calculated quasihar-
monic (QHA) Helmholtz free energies turn out to favor the
hexagonal P62m phase over the monoclinic P21/c (see Figure 5).
The reason for this is that the medium- and high-frequency
vibrational eigenmodes in the hexagonal P62m phase have
smaller energies (see Figure 4). Therefore, in view of the results
obtained with zero-temperature enthalpy and QHA Helmholtz
free energy calculations, it seems reasonable to think that
�-CaF2 could possess hexagonal symmetry.

Nevertheless, as we already know from other materials,27,36�39

the QHA approximation may fail at providing the right thermo-
dynamic stability balance between di�erent crystal structures at
high-P�high-T conditions. Such a limitation may be specially
critical in the present case since we are dealing with FIC that

Figure 4. Vibrational phonon frequencies of CaF2 calculated in
di�erent structures at P = 25 GPa. (a) Monoclinic P21/c phase
proposed by Cazorla and Errandonea.11 (b) Hexagonal P62m phase
proposed by Nelson et al.17
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in the superionic state cannot be described with harmonic or
quasiharmonic models. In order to analyze the vibrational
stability and superionic properties of CaF2 in the hexagonal
P62m phase while fully considering anharmonic e�ects, we
performed extensive one-phase ab initio molecular dynamics
(AIMD) simulations (see section II.A.2; in this case, we
employed a simulation cell containing 243 atoms). Some of
our AIMD results obtained at conditions P = 20(1) GPa and
2000 � T � 3000 K are shown in Figure 6. Several conclusions

can be drawn from the mean squared displacement and position
correlation function, p(t), plots (see section II.A.2) therein.
First, at T = 2500 K, the system becomes vibrationally unstable
as the value of the p(t)’s calculated for the calcium and �uorine
ions clearly depart from zero at large simulation times; actually,
a certain di�usion of the Ca2+ ions is observed that cannot be
identi�ed with superionicity (namely, in the superionic state,
the F� ions are the mobile atoms instead). Upon a further
increase in temperature, the system melts completely in our
AIMD simulations (see Figure 6c,d). This outcome implies that
due to likely superheating e�ects26 the true melting point of
CaF2 in the hexagonal P62m phase is lower than 3000 K,28

which lays well below the melting point estimated for the

� phase at equivalent pressure conditions, namely, Tm � 3500 K
(see Figure 1). These �ndings show that the hexagonal phase
proposed by Nelson et al. does not reproduce the phase
stability and superionic features of CaF2 at high-P�high-T
conditions, as reported in ref 11.

It is worth noting in passing that Nelson et al. have also
proposed a tentative normal�superionic phase boundary for
the hypothesized � phase with hexagonal P62m symmetry.
In particular, the authors determined �rst the zero-temperature
threshold volume at which the hexagonal P62m phase starts
to develop some vibrational lattice instabilities in the form of
imaginary phonon eigenfrequencies, Vinst; subsequently, for a
given pressure and by using QHA calculations, Nelson et al.
found the temperature at which the volume of the system
equals such a threshold volume, namely, V (P, Tc) = Vinst.
The series of Tcs obtained so by considering di�erent pressure
points were then ascribed to a tentative normal�superionic
coexistence line. Several comments are in order. First, FIC are
highly anharmonic systems; hence, as we have just demon-
strated, QHA approaches appear to be highly inadequate for
describing this class of materials at high temperatures. Second,
Nelson et al.’s strategy for determining critical superionic points
virtually would ascribe normal�superionic coexistence lines to
most existing materials under pressure, as due to the ordinary
occurrence of zero-temperature spinodal points and positive
thermal expansions in crystals. However, as a matter of fact,
only relatively few compounds involving speci�c ionic species
and atomic arrangements exhibit fast-ion transport in practice.1�3

(For instance, we note that according to our AIMD simulations
CaF2 in the hexagonal P62m phase never becomes superionic.)
Therefore, in general, we strongly discourage the use of QHA
approaches for the prediction and screening of possible super-
ionic compounds.

III.A.2. Strontium Di�uoride. Figure 7 shows the high-P�
high-T phase diagram of SrF2 as obtained with the �rst-principles

methods and strategy described in section II. We �nd very good
agreement with respect to the experiments for the � � �
transition pressure measured at low temperatures, and the � � �
and � � liquid transition temperatures measured at low
pressures40�42 (see Table 1). As compared to CaF2, all three
transition points hold smaller values, in special, that of the
pressure-induced � � � transformation occurring at low tem-

Figure 5. Quasi-harmonic Helmholtz free energy di�erence between
several phases in CaF2 calculated at high-P conditions and expressed as
a function of temperature.

Figure 6. Position correlation function and mean squared displacement
of CaF2 in the hexagonal P62m structure proposed by Nelson et al. for
the � phase.17 AIMD simulations were performed at P = 20(1) GPa and
T = 2500 K (a,b) and 3000 K (c,d).

Figure 7. High-P�high-T phase diagram of SrF2 obtained with �rst-
principles methods. Dots and error bars correspond to experimental
measurements from refs 41 and 42. Letters �, �, �, and � represent
di�erent phases (see text).
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peratures. We predict up to three di�erent multiphase coexis-
tence points involving the trios ��liquid��, �����, and
����� at (5.25 GPa, 1935 K), (5.10 GPa, 1710 K), and
(5.00 GPa, 1365 K), respectively. The slopes of the ��� and
��� phase boundaries are small, positive, and practically con-
stant as a function of pressure (that is, 43(2) and 53(2) K GPa�1

in average, respectively). As regards melting, we estimate a
dTm/dP value of 330(10) K GPa�1 at zero pressure (to be
compared with 480(10) K GPa�1 obtained in CaF2 under
equivalent conditions). Unfortunately, we have not found in the
literature any measurements on the melting or fast-ion conduc-
tion properties of SrF2 at high-P�high-T conditions to which
compare our results.

Interestingly, we observe that the superionic behavior of
highly compressed SrF2 di�ers appreciably from that of CaF2 as
reported in ref 11 (see Figures 1 and 7). Speci�cally, in SrF2 (1)
the ��� coexistence line does not get depleted by the e�ect of
pressure, and (2) the � phase does not appear in the corre-
sponding phase diagram (that is, the � phase, which is ortho-
rhombic with space group Pnma, transforms directly into the
superionic phase � at elevated temperatures). Previously, we corre-
lated the anomalous superionic behavior observed in �-CaF2 with
a P-induced softening of a zone-boundary phonon eigenmode
involving displacements of �uorine ions only.11 Such a vibra-
tional phonon eigenmode softening is not observed in �-SrF2
under pressure; hence, our original hypothesis appears to be
reinforced. Regarding the absence of the � phase in the phase
diagram of SrF2, we tentatively rationalize this e�ect in terms of
simple ionic radii arguments as follows.

AEM di�uorides, AF2, naturally tend toward a superionic state
at high temperatures, even when compressed. However, the
contunnite � phase presents a highly asymmetric ion-coordination
environment that, as it has been suggested previously by other
authors,43,44 in principle does not allow for the creation of
interstitial sites (or Frenkel defects), which are necessary for the
triggering of fast-ion transport in type-II FIC.1,7�9 That is the
likely reason behind the stabilization of the � phase in CaF2,
which can be described as a distorted version of the contunnite
structure and where structural paths for ion migration open up
in order to facilitate the stabilization of the superionic state
(� phase) at high temperatures.11 Nonetheless, if one considers
A ions with larger ionic radii than Ca2+ as compared to that of
F�, namely, �(A) � rA/rF > 0.75, then regions of excess volume
appear within the contunnite structure (i.e., the packing

e�ciency decreases) that may lower signi�cantly the formation
energy of point defects and accompanying energy barriers for
ionic di�usion.6,8,9,45 Consequently, the superionic state can
be accessed directly from the contunnite � phase at elevated
temperatures. Such appears to be the case of SrF2, for which
�(Sr) = 0.89 and where the � phase is absent. Of our hypothesis
to be correct, then the � phase should also be missing in the
phase diagram of BaF2 as �(Ba) > �(Sr). We will repeatedly
comment on this point in the next sections.

III.A.3. Barium Di�uoride. Figure 8 shows the high-P�high-
T phase diagram of BaF2 as obtained with the �rst-principles

methods and strategy described in section II. We �nd good
agreement with respect to the experiments for the � � �
transition pressure measured at low temperatures, and the � � �
transition temperature measured at low pressures40,41 (see
Table 1); our estimation of the � � liquid transition at P = 0,
however, appears to underestimate the measured melting point
by about 300 K40,41 (see Table 1). As compared to SrF2 and
CaF2, all three transition points present smaller values, in
particular that of the P-induced � � � transformation occurring
at low temperatures. The systematic phase transition trends
rendered by our calculations across the AEM di�uoride series,
therefore, appear to justify the use of �-based arguments in
order to describe them. As in SrF2, we predict three multiphase
coexistence points involving the trios ��liquid��, �����,
and ����� at (2.55 GPa, 1940 K), (2.50 GPa, 1525 K), and
(2.52 GPa, 1315 K), respectively. The slopes of the ��� and
��� phase boundaries are small, positive, and practically con-
stant as a function of pressure (that is, 70(2) and 80(2) K GPa�1

in average, respectively). As regards melting, we estimate a
dTm/dP value of 420(10) K GPa�1 at zero pressure (to be
compared with 480(10) and 330(10) K GPa�1 obtained for
CaF2 and SrF2 at equivalent conditions). Unfortunately, we
have not found in the literature any measurements on the melting
or fast-ion conduction properties of BaF2 at high-P�high-T
conditions to which compare these results.

We �nd that the superionic behavior of highly compressed
BaF2 is very similar to that of SrF2 but quite di�erent from
that of CaF2 as reported in ref 11 (see Figures 1, 7, and 8).
We note that no vibrational phonon eigenmode softening is
found in �-BaF2 under pressure, in accordance (contrast) to
what we observe in �-SrF2 (�-CaF2). Meanwhile, the fact that

Table 1. Comparison of the First-Principles Results
Reported in the Present Study with the Experimental Data
Found in Refs 40�42a

Tm,0 (K) Tm,0
expt (K) Ts,0 (K) Ts,0

expt (K)

CaF2

1660 (100) 1690 (100)40 1400 (100) 1370 (100)40

1660 (100)11 1400 (100)11

SrF2

1430 (100) 1740 (100)40 1150 (100) 1380 (100)40

1670 (100)41 1100 (100)42

BaF2

1350 (100) 1620 (100)40 1135 (100) 1245 (100)40

1560 (100)41

aCaF2 results from ref 11 have been included for completeness. Tm,0
and Ts,0 stand for the melting and superionic transition temperatures
obtained at P = 0, respectively. Figures within parentheses represent
the precision in the calculations and experiments.

Figure 8. High-P�high-T phase diagram of BaF2 obtained with �rst-
principles methods. Dots and error bars correspond to experimental
measurements from refs 40 and 41. Letters �, �, �, and � represent
di�erent phases (see text).
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the � phase is also missing in the high-P�high-T phase diagram
of BaF2 appears to validate our �-based arguments introduced
in the previous section. In particular, �(Ba) amounts to 1.02,
which is about 14% larger than �(Ca); hence, the consequent
formation of excess volume within �-BaF2 (as compared to
the analogous phase in CaF2) and direct stabilization of the
superionic � phase at elevated temperatures.

III.B. Superionicity. In this section, we analyze the ionic
trajectories generated in long AIMD simulations (of up to 50 ps
duration) of the superionic phases of AEM di�uorides at low
and high pressures. Speci�cally, we present �uorine density
plots constructed as in-plane F� position histograms. For doing
this, the simulation cell was divided into a number of parallel
slices along its out-of-plane c (or, a) direction (see Figure 9),

and the positions of the �uorine ions contained in them were
projected over the a�b (or b�c) plane. Averages were per-
formed over time and ions. In order to facilitate the visualization
of the preferred ionic di�usion paths, we considered fractional,
rather than Cartesian, coordinates in our representations.

We also computed the incoherent scattering function of
F� ions, FF (q, t), as in some cases that function can be measured
directly in neutron scattering experiments. The intermediate
scattering function is de�ned as the Fourier transform:46,47

�= = � • �� � �
•F t G t tq r r q r( , ) e ( , ) d exp[i ( )]q ri

(4)

where G�(r, t) dr is the probability that the displacement of an
�-ion will be found within a volume element dr centered at r at
the time interval t [G�(r, t) usually is known as the van Hove
self-correlation function]. If the ionic species � di�uses by
discrete hops between sites, then at su�ciently long times F�
(q, t) behaves as a decaying exponential function,48 namely:

�� ��
��

F t tq qlim ( , ) exp[ ( ) ]
t (5)

where �(q) simply is a function of the wavevector q.

III.B.1. Cubic Fluorite Phase. Figure 10 shows the �uorine
density plots calculated in the low-P superionic phase of CaF2

(equivalent results were obtained also in �-SrF2 and �-BaF2, not
shown here). The results presented in Figure 10a correspond to
a system-slice containing one plane of �uorine equilibrium
positions, as is shown by the simple-cubic arrangement rendered
by the high-density areas therein. Meanwhile, the results presented
in Figure 10b correspond to a system-slice situated between
two consecutive F� equilibrium position planes along the c-axis
(see Figure 9a). The medium and high F� density regions
shown in Figure 10a,b, respectively, are both compatible with
low-symmetry interstitial sites. In particular, the preferred non-
equilibrium positions for �uorine ions correspond to ( )u u, ,1

2
with u � 0.3 and to (v, v, v) with v � 0.4, in pseudocubic
notation, rather than to the more symmetric octahedral sites

( ), ,1
2

1
2

1
2

. These AIMD results are consistent with previous
CaF2 molecular dynamics simulations performed with rigid-ion
Born�Mayer�Huggins potentials6 and neutron scattering mea-
surements on �uorite-structured materials.49,50

The intermediate scattering function calculated in �-CaF2 is
shown in Figure 13a. (Function averages were performed over
ions and time, by considering consecutive time origins within a
25 ps interval.) As can be observed therein, FF decays as an
exponential function at long simulation times (arbitrarily taken
here as >10 ps). This result indicates that superionicity in
�-CaF2 (and analogously in �-SrF2 and �-BaF2, not shown here)
in fact can be thought of as discrete and coordinated �uorine ion
hops between neighboring interstitial sites. These AIMD results
are also consistent with previous molecular dynamics simulations
of �uorite-structured compounds performed with rigid-ion semi-
empirical potentials.6,46

III.B.2. Orthorhombic Contunnite Phase. Figures 11 and 12
show the �uorine density plots calculated in the high-P super-
ionic phases of CaF2 and SrF2, respectively (we note that
equivalent results to those presented for �-SrF2 were obtained
also in �-BaF2, not shown here). The snapshots shown in those
�gures correspond to the F� position histograms calculated
in the three system slices represented in Figure 9b; as the
contunnite phase has lower crystal symmetry than the �uorite
phase, in this case several inequivalent F� equilibrium positions
appear projected within a same supercell partition. We note
that the AIMD simulations from which those results were
obtained were initialized from the perfect contunnite struc-
ture and lasted for about 50 ps. In �-SrF2 (see Figure 12), the
projected �uorine equilibrium positions render two triangular
lattices shifted one with respect to the other (as given by the
medium and high F� density areas in the corresponding panels)

Figure 9. Sketch of the system (a, cubic; b, orthorhombic) partitions
that have been set in order to construct the ionic density plots shown
in the next three �gures. Di�erent colors indicate di�erent system
slices. The multicolor line in (a) stands for a same boundary belonging
to two consecutive system partitions.

Figure 10. Fluorine density plots calculated with AIMD simulations in
CaF2 in the superionic � phase at T = 1750 K and P = 7.5 GPa. Plots
(a) and (b) were obtained by accumulating statistics over the two
system partitions sketched in Figure 9a.
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that, when combined together, form a regular two-dimensional
hexagonal lattice. The preferred paths for interstitial di�usion,
as given by the medium- and low-density regions in Figure 12,
appear to be highly directional and oriented along the edges of
the created hexagons (in the middle of which lay the Sr2+ ions).
Ionic di�usion along the main a axis also seems possible due
to the presence of repeated density patterns (although with
gradual intensity) in all three system partitions.

The �uorine density plots obtained in �-CaF2 display mark-
edly di�erent features from those just explained for �-SrF2 (see
Figure 11). For instance, the projected equilibrium positions
now form very distorted hexagonal-like patterns that change
appreciably from one supercell partition to the next. (In some
cases, even it is not possible to identify regular polygons,
see Figure 11b.) This result, which represents a signature of the
� phase, may be thought of as a redistribution of F� ions along
the main a axis of the parent � phase (see Figure 9b). Meanwhile,
the di�usivity mechanisms involved in ionic transport appear to
be quite similar to the ones just described for �-SrF2 (although
ionic di�usion along the main a axis of the parent � phase now is
signi�cantly reduced, as suggested by the disappearance of alike
density patterns in all three slices). The intermediate scattering
function results enclosed in Figure 13b,c show that FF decays
also as an exponential function at long simulation times both in
�-CaF2 and �-SrF2. Thus, superionicity in highly compressed
AEM di�uorides appears to occur also as discrete and coordi-
nated �uorine ion hops between neighboring interstitial sites,
analogously to what is observed in the cubic � phase.

From the comparisons of Figures 11 and 12, it is clear
that the superionic state in highly compressed CaF2 and SrF2

(also in BaF2) comes stabilized from a di�erent phase. As we
have already noted in section III.A, this is a direct consequence
of the existence (absence) of the � phase in the phase diagram
of CaF2 (SrF2 and BaF2). Our tentative explanation for such a
phase-related e�ect across the AEM di�uoride series is based on
the loss of �uorine packing e�ciency when moving from Ca2+

to other cationic species with larger ionic radius. We further
discuss this point in the next section by presenting and analyzing
the results of additional �rst-principles calculations.

IV. DISCUSSION
We have surveyed the series of P-induced solid�solid phase
transitions occurring in AEM dihalides (AB2, A = Mg, Ca, Sr,
Ba and B = F, Cl, Br, I) at low temperatures, and we have found
clear correlations between those and the materials descriptor
�(A,B) � rA/rB. Speci�cally, when � is larger than approxi-
mately 0.58, the corresponding compound (e.g., SrCl2 and
BaBr2) stabilizes either in the cubic � or orthorhombic � phase
at zero pressure; compounds with high �’s (� 0.76) adopt the �
phase (e.g., BaF2), whereas compounds with �’s comprised
between 0.76 and 0.58 can be found either in the � or � phases
(e.g., SrCl2 and BaI2 possess � values of around 0.6 but are
found in the �uorite and contunnite structures, respectively).
If � is smaller than approximately 0.58, then the corresponding
system (e.g., CaI2 and MgCl2) is energetically most stable in a
phase with lower crystal symmetry than the cubic �uorite struc-
ture (e.g., CaI2 adopts a rhombohedral P3�m1 phase). Based on the
experimental and theoretical evidence reported in the literature,
AEM dihalides always appear to follow the phase-transition
sequence LS � � � � as induced by pressure (postcontunnite

Figure 11. Fluorine density plots calculated with AIMD simulations in CaF2 in the superionic � phase at T = 3000 K and P = 15 GPa. Plots (a)�(c)
were obtained by accumulating statistics over the three system partitions sketched in Figure 9b.

Figure 12. Fluorine density plots calculated with AIMD simulations in SrF2 in the superionic � phase at T = 2000 K and P = 7.5 GPa. Plots (a)�(c)
were obtained by accumulating statistics over the three system partitions sketched in Figure 9b.
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phases have been disregarded here), where “LS” stands for
the low-symmetry phases observed in � � 0.58 compounds, and
the starting point for each compound corresponds to its zero-
pressure phase. We note that the order in such a phase-transition
sequence never is reversed by e�ect of compression.

We enclose the �-map of AEM dihalides, AB2, in Figure 14; the
corresponding e�ective ionic radii have been taken from ref 51.
In particular, we represent the A species in the abscissa, the
B species in the ordinate, and the resulting �(A,B) param-
eter as a three-dimensional surface (see colormap therein).
We have applied a spline-based interpolation to the discrete set
of � points because any arbitrary rA/rB value in principle can

be obtained in practice by mixing di�erent AEM dihalides.
For instance, an e�ective � value of 0.85 can be realized in a
50% CaF2�SrF2 solid-solution prepared by ball milling,52

namely, Ca0.5Sr0.5F2 (where the e�ective A ionic radius has been
estimated straightforwardly by using Vegard’s law based on a
linear interpolation,53 namely, = +r r rA

1
2 Ca

1
2 Sr). The thick white

lines in Figure 14 indicate the stability regions of AEM dihalides
in the LS, �, and � phases at low-T and low-P conditions. The fact
that the observations on the phase stability of AEM dihalides at
equilibrium can be fairly mapped into a �-representation comes to
support the validity of using rA/rB-based arguments in the present
context. Meanwhile, the white arrows in Figure 14 indicate the
observed phase-transition trends as induced by pressure, namely,
LS � � � �. We note that the �rst part of such a phase-transition
sequence (LS � �) appears to correlate with an increase in �,
whereas the second part (� � �) with a decrease in �. According
to crystal-chemistry arguments, such P-induced phase tran-
sitions can be understood in terms of the usual facts that the
cations normally are more compressible than the anions and
that under compression the systems evolve toward more com-
pact structures.54 Therefore, P-induced phase transitions in
AEM dihalides are expected to occur from the corresponding
ambient-pressure phase to a structure located in a direction
pointing toward the right and abscissa in the �-diagram (as is
shown by the white arrows in Figure 14).

Based on our previous re�ections, we wondered whether
some of the LS compounds situated in the lower part of the
diagram in Figure 14, mainly AEM diiodides, could transition
directly into the � phase by e�ect of pressure, as due to their
proximity in �-space to the contunnite region (see question
mark and yellow arrow in Figure 14). It is worth noticing that,
to the best of our knowledge, no pressure-induced LS � �
phase transition has been ever reported in AEM dihalides; also,
it is true, however, that the high-P behavior of compounds like
AEM diiodides remain largely unexplored to date. In Figure 15,
we show our relative enthalpy results obtained in CaI2 at
zero temperature with DFT methods. As noted earlier, the
ground-state of CaI2 corresponds to a rhombohedral P3�m1

Figure 13. Intermediate scattering function calculated for �uorine ions
in di�erent superionic compounds and crystalline phases expressed as
a function of wavevector, q, and time, t: (a) �-CaF2, (b) �-CaF2, and
(c) �-SrF2. Wavevector values ranging from small to large (from top to
bottom, as indicated by the black arrow) were considered in the
calculations. The solid black lines correspond to exponential �ts to the
FF(q, t) data obtained at long simulation times.

Figure 14. Generalized phase diagram of alkaline earth metal dihalides
(AB2) under pressure expressed as a function of the ionic radius ratio
� � rA/rB. The black lines represent iso-� curves. Letters in white stand
for the phases observed at low-T and low-P conditions in the
corresponding compounds (see text); “LS” is an acronym for low-
symmetry phases (see text). The white lines indicate phase boundaries
and the white arrows the structural trends observed under
compression. The yellow arrow indicates a likely but experimentally
not yet observed pressure-induced structural trend. The magenta line
represents a tentative phase boundary for the compounds which may
not exhibit the � phase at high-T�high-P conditions (namely, those
ful�lling rA/rB 	 0.82). The ionic radius increases from left to right
(for A elements) and from top to bottom (for B elements).
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phase (space group 164) with Z = 1. We have considered the
energetic stability of this compound in the � and � phases as
referred to the rhombohedral ground state (other possible
candidate structures have been disregarded). Our calculations
actually predict a LS � � phase transition at Pt(0) = 6.2 GPa.
In spite of the fact that our analysis considers a quite small
number of possible candidate structures, it clearly shows that
the � phase is energetically preferred over the � phase in AEM
diiodides under pressure. Therefore, it remains to be experi-
mentally checked whether a P-induced LS � � phase transition
actually occurs or not in CaI2. This latter zero-temperature out-
come comes to show that the �-map shown in Figure 14 is not
only useful for understanding the phase-transition trends across
the AEM dihalides series but also for making coherent predictions.

Now we comment on the possible existence of the high-P�
high-T � phase in AEM dihalides. As we have discussed in
previous sections, we have rationalized the existence (absence)
of the � phase in highly compressed CaF2 (SrF2 and BaF2) in
terms of a structural�distortion mechanism that facilitates the
stabilization of the superionic state at elevated temperatures.
In particular, the � phase allows for the creation of interstitial
sites within the contunnite structure in small-� compounds,
where the amount of excess volume is reduced. Based on
our �rst-principles results obtained for the phase diagram of
AEM di�uorides and by assuming the correctness of �-based
arguments, we can make the hypothesis that the � phase will
appear in compounds with rA/rB ratios smaller than �0.82; such
a � threshold value corresponds to the interpolation between
those of CaF2 and SrF2 (see magenta line in Figure 14).
The consequence of this hypothesis being correct is that the
number of AEM dihalides in which the � phase will appear
would surpass the number of compounds in which it will not
(that is, in Figure 14 the area involving � � 0.82 compounds is
much smaller than the area involving � � 0.82 compounds).
In order to test this hypothesis, we performed additional AIMD
simulations in SrCl2 under pressure (see Figure 16), for which
� = 0.65. Speci�cally, we ran our simulations at a pressure of
approximately 14 GPa, conditions at which the system stabilizes
in the contunnite phase at zero temperature, and considered
several temperature points taken at intervals of 250 K. As is
shown in Figure 16, �-SrCl2 undergoes a structural transformation
at a temperature close to 2500 K, which is very similar to the
one originally found in �-CaF2 and which we identi�ed with a
T-induced solid�solid (� � �) phase transition (see Figure 4

in ref 11). In particular, the sublattice of Cl� ions becomes
vibrationally unstable, as is illustrated by the corresponding
ionic position correlation functions in Figure 16c, but ionic
di�usion is not observed in the crystal, as can be appreciated in
the MSD plots in Figure 16d. We can actually identify those
structural and ion-transport features with the occurrence a
� � � phase transition in SrCl2. Since the value of the �
parameter in SrCl2 amounts to 0.65, which actually is smaller
than the critical threshold value of �0.82 de�ned above, our
arguments and predictions in the present discussion appear to
be fully consistent and meaningful.

V. CONCLUSIONS
We have presented a comprehensive �rst-principles computa-
tional study on the high-P�high-T phase diagram of AEM
di�uorides, namely, CaF2, SrF2, and BaF2. Our results show that
at moderate pressures the superionic behavior of SrF2 and BaF2
in the � phase di�er appreciably from that previously reported
for CaF2, since no P-induced depletion of the superionic critical
temperature is found in them. The high-P�high-T � phase,
previously observed in CaF2, neither appears in the phase
diagram of SrF2 nor BaF2. We have rationalized the origins of
this phase-related e�ect across the AEM di�uorides series in
terms of the rA/rB parameter and packing-e�ciency based
arguments. Intensive ab initio molecular dynamics simulations,
which fully take into account anharmonicity, have been con-
ducted in order to describe at the atomic scale the ionic
di�usivity mechanisms occurring in the superionic phases of
AEM di�uorides, namely, � and �, at moderate and high
pressures, respectively. Moreover, we have shown that simple
physical arguments based on intuitive ionic-radii comparisons
are in fact very useful to explain and foresee phase transition
trends in AEM dihalides (AB2, A = Mg, Ca, Sr, Ba and B = F,
Cl, Br, I), and related solid solutions (AxA1�x� ByB2�y� ), under
pressure. In particular, we have predicted the possibility of a
P-induced LS � � phase transition in AEM diiodides, which
has not been observed previously, and the stabilization of the �
phase at high-P�high-T conditions in a large number of AEM
dihalides (that is, those ful�lling the condition � � 0.82).
We hope that our computational �rst-principles study will moti-
vate future characterization experiments in AEM dihalides at
high-P and high-T conditions.

Figure 15. Zero-temperature enthalpy of CaI2 under pressure
considering di�erent crystal structures. Pressure-induced LS � �
phase transition is predicted to occur at P = 6.2 GPa.

Figure 16. Position correlation function and mean squared displace-
ment calculated in SrCl2 with AIMD simulations at T = 2000 K (a,b)
and 2500 K (c,d) [P = 14(1) GPa]. At 2000 (2500) K, the system is in
the � (�) phase (see text).
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� APPENDIX: AEM DIFLUORIDE CLASSICAL
POTENTIALS

The interatomic potentials that we adopted to simulate SrF2
and BaF2 with molecular dynamics were of the Born�Mayer�
Huggins (BMH) form, namely:

= � +��V r A
C

r

ZZ

r
( ) eij ij

r ij i j/
6

ij

(A1)

where subscripts i and j represent the ionic species in the
system and r is the radial distance between a couple of atoms.
Each pairwise interatomic potential is composed of three
di�erent terms; the �rst one is of exponential type and accounts
for the short-ranged atomic repulsion deriving from the over-
lapping between electron clouds; the second term is propor-
tional to r�6 and represents the long-ranged atomic attraction
due to dispersive van der Waals forces; the third term is the
usual Coulomb interaction between point atomic charges.
The value of the corresponding BMH potential parameters A,
C, and Z are reported in Table A1.

The BMH potential parameters reported in Table A1 were
determined through a matching algorithm55�58 based on a
least-square �t, to reproduce as close as possible a set of DFT
reference data containing total energies and atomic forces.
The objective function in our optimization procedure, which
needs to be minimized, is expressed as
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where N = 20 is the number of reference con�gurations, n =
192 is the number of particles in each con�guration, and �E
and �F are weights assigned to the energy, E, and force, F,
contributions to 	2, respectively. Subscripts “DFT” and “FF”
refer to the results obtained with DFT and the corresponding
BMH potential, respectively. With such a de�nition of the
objective function, we ensured that despite di�erent magni-
tudes are expressed in di�erent units, all them were normalized
and contributed equitably to 	2. After some tests, we decided to
constrain the values of �E and �F to 1.0 and 0.5, respectively.
The set of N reference con�gurations comprised several struc-
tures employed for the calculation of the vibrational phonon
spectra of each compound, both in the �uorite and contunnite

phases, as obtained with the “direct approach” (see section II.A).
The BMH potential parameters were varied during the mini-
mization of the objective function 	2 according to a quadratic
polynomial interpolation line-search based on the Broyden�
Fletcher�Goldfarb�Shanno formula.59 The minimizations
were �nalized once all the gradients of the objective function
were smaller than 10�5 in absolute value. Typically, this was
achieved within �1000 minimization loops when starting from
a reasonable initial guess for the BMH potential parameters.

The performance of such BMH potentials in reproducing
the superionic and melting properties of SrF2 and BaF2 under
pressure, as estimated with �rst-principles methods, is reason-
ably good (although not perfect). For instance, in SrF2 the
transition temperatures Ts and Tm obtained with molecular
dynamics systematically are about 200�400 K larger than
the values obtained with �rst-principles methods. In BaF2, the
agreement between those transition temperatures as obtained
with molecular dynamics and �rst-principles methods is very
good in the cubic �uorite phase (i.e., discrepancies amounting
to within 100 K), but not so in the orthorhombic contunnite
phase (i.e., discrepancies amounting to within 300�600 K).
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